Let T(n) denote the number of n-simplices in a minimum cardinality decomposition of the n-cube into n-simplices. For n 1 we show that T(n) H(n), where H(n) is the ratio of the hyperbolic volume of the ideal cube to the ideal regular simplex. H(n) 
Introduction
The problem of determining the minimal triangulation of the n-cube originally arose in connection with minimizing the number of pivot steps in simplicial algorithms for nding approximate xed points (see Scarf 22] , Mara 14] ), and seems an intrinsically interesting combinatorial problem. A triangulation of a polytope P in R n is a vertex-triangulation if all the vertices of the simplices in the triangulation are vertices of P and it is face to face if the intersection of any two simplices is a lower dimensional simplex j-face of both of them. Let T v (n), T f (n) and T vf (n) denote respectively the minimal number of simplices in a vertex triangulation, face to face triangulation, and face to face vertex triangulation of the n-cube. Let T(n) denote the minimal number of simplices in a general decomposition of the n-cube into simplices, with extra vertices possibly being used, and with the triangulation not necessarily being face to face. The additional subscript \c" will be added to the set to denote the demand that the triangulation be \corner cutting," i.e. all 2 n?1 of the simplices \cutting o " the corners of 0; 1] n with even coordinate sum by hyperplanes through their n neighbor vertices, must be used. Clearly T(n) T v (n) T vf (n) T cvf (n); it seems plausible that extra vertices and non-face to face triangulations don't help, so that T(n) = T vf (n), but this has not been proved. Guy 6] calls one of fT(n); T v (n); T f (n); T vf (n)g the simplexity of the n-cube, but it is not clear which one he meant.
The best known lower and upper bounds for small values of n are listed in table 1. Most of them come from exhaustive searches, computer aided constructions, and/or bounds obtained from enormous linear or integer programs 12] 9].
By considering simplices in which the n coordinate values are ordered according to xed permutations (or just by induction on n), one may easily see that T vf (n) n!. Haiman 8] showed T vf (kn) T vf (n)=n!] k (kn)!, enabling one triangulation of an n-cube with cardinality below n! to be turned into an in nite sequence of such triangulations. Thus T vf (7) 1493 12] implies T vf (7n) (1493=7!) n (7n)! < :840463 7n (7n)!, which is the best known upper bound asymptotically.
A simple volume argument in Euclidean space 8] shows T(n) E(n) = 2 n (n+1) ?(n+1)=2 n! (and see also 19]). Hughes 9] was able to get a lower bound on T v (n) for small n by solving enormous linear or integer programs, in which the variables corresponded to exterior j-face tuples, with computer aid. These methods are remarkably powerful for small n, actually getting the apparent right answers when n 7, and (as table 1 shows) yielding bounds at least as good as the present paper's for n 11, i.e. all n for which Hughes's computer was able to calculate his bound. But because Hughes's lower bound is for T v (n), not T(n), it really does not ever dominate our bounds. Also, Hughes de ned a quantity \b(n)" which he knew was larger than his lower bound, and whose asymptotic behavior could be analysed. (1))) at most. This paper obtains exponentially improved lower bounds for T(n) using a volume argument in hyperbolic geometry. To state our main result, let H n denote n-dimensional hyperbolic space and let Hvol n ( ) denote hyperbolic volume. Theorem 1.1. One has T(n) H(n) = Hvol n (regular ideal n-cube in H n )
Hvol n (regular ideal simplex in H n ) :
(n + 1) ? n+1 2 n!; n 1:
Actually in (1.1) one could use any hyperbolic polytope that has the combinatorial type of an n-cube. The bound (1.2) improves on the Sallee, Hughes, and Euclidean volume lower bounds by a exponential factor roughly of order dH (5) Table 1 : Bounds for T(n), T v (n), T vf (n), and T cvf (n). H(n) is our hyperbolic volume lower bound on T(n).
Hyperbolic Geometry
Before proving Theorem 1.1 we recall basic facts about hyperbolic geometry, see The geodesics are straight lines, but angles between straight lines are usually not the same as Given a triangulation of the n-cube by simplices fU (i) : 1 i T(n)g. Theorem 2.1 gives
where e N n denotes an ideal regular simplex. (We will use a tilde \e x" to denote the version of \x" scaled to be inscribed in B n .) Hence T(n) Hvol Choosing n = e n in (2.2) and using (2.3){(2.7) yields T(n) (n + 1) ? n+1 2 n! ; (2.8) where the last step used 
The asymptotic hyperbolic volume of the ideal hyperbolic n-cube
We previously showed
Hvol( e n ) = 
Discussion
The improvement on the Euclidean volume bound arose because the regular ideal n-cube has a much larger hyperbolic volume than its Euclidean counterpart, while the regular ideal n-simplex has only a constant increase in volume compared to its Euclidean counterpart.
It seems quite possible that even better lower bounds could be obtained by either (a) using the linear programming ideas 
